We review models of new physics in which dark matter arises as a composite bound state from a confining strongly-coupled non-Abelian gauge theory. We discuss several qualitatively distinct classes of composite candidates, including dark mesons, dark baryons, and dark glueballs. We highlight some of the promising strategies for direct detection, especially through dark moments, using the symmetries and properties of the composite description to identify the operators that dominate the interactions of dark matter with matter, as well as dark matter self-interactions.
I. INTRODUCTION
Dark matter (see recent reviews of particle dark matter [1, 2] ) is an essential ingredient in current models of the evolution of our universe, with strong evidence for its existence found from galactic to cosmological scales. Aside from its gravitational interactions, the precise nature of particle dark matter has remained elusive, but two key properties have now been strongly established. Dark matter must be stable over more than the lifetime of the universe. Dark matter must essentially also both be electrically neutral (from cosmology) and effectively neutral with respect to the standard model (from direct detection experiments).
From a theoretical standpoint, these two crucial properties of dark matter motivate certain properties of any particle dark matter model. The required stability suggests the existence of some appropriate symmetry in the dark sector which prevents or greatly suppresses dark matter decay. As for interaction with the standard model, although it is possible that dark matter has only gravitational interactions, the cosmic coincidence problem (namely, that the relic abundance of dark matter and ordinary matter are of the same order of magnitude) motivates an early-universe connection which is stronger than gravity.
There are two instructive examples to be found in the standard model: the proton and the neutron. The proton, although it is charged, is known to have an extremely long lifetime.
Its stability is a consequence of the accidental baryon-number symmetry of the standard model -any operator which would cause the proton to decay is non-renormalizable and thus suppressed by the scale of new physics. The neutron is made of charged fundamental components, the quarks, but itself has zero net electric charge. Its interactions with the photon are strongly suppressed at low energies, but at high temperatures in the early universe its constituent quarks interact at full strength with electromagnetism.
These observations lead naturally to the idea of strongly-coupled composite dark matter.
A dark sector with non-Abelian gauge interactions and fundamental constituents charged under the standard model (or some other mediator) can give rise to a stable, neutral dark matter candidate which can interact more strongly in the early universe to explain the cosmic coincidence problem. Such a sector containing a composite dark matter candidate can arise quite naturally from extensions of the standard model in which the Higgs boson is composite [3] [4] [5] , or could simply be their own "dark sector". Composite dark matter can naturally have a substantial self-interaction cross section, which has been invoked as one possible explanation of observed galactic structure anomalies [6] [7] [8] [9] [10] . The dynamics of composite dark matter can lead to interesting and unexpected phenomena, for example, the first realization of the idea of asymmetric dark matter was in the context of technicolor theories [11] .
From the perspective of the low energy effective theory below the compositeness scale, whatever forms the dark matter can of course be treated as an elementary particle with a series of higher dimensional operators, allowed by all symmetries of both the dark sector and the standard model fields. In particular, for direct detection the non-relativistic effective theory has been written in a general form [12] [13] [14] [15] [16] . This gives all possible interactions in a well-defined expansion in momentum.
Of course, although the basic structure of this effective theory is dictated only by lowenergy symmetries, some operators may be suppressed by features of the ultraviolet theory.
The advantage of working with specific "ultraviolet completions" is to determine which operators are or are not generated for a given theory, and then use appropriate techniquesincluding lattice simulations -to determine the coefficients of the operators. This knowledge can be used to relate bounds or predictions from one class of experiments, such as direct detection, to (or from) another class, such as collider experiments.
Lattice calculations are an important tool for understanding composite dark matter models. Due to their strongly-coupled nature, perturbative methods are not generally applicable in such a model. Lattice gauge theory allows for precise, quantitative study of many interesting quantities, including the full spectrum of composite states and matrix elements important for direct and indirect detection, relic abundance, self-interactions, and collider production.
Lattice realizations also require working with ultraviolet-complete models, which depend on a handful of fundamental parameters as opposed to the numerous couplings that can appear in a low-energy effective description. As an integral part of this review, we will highlight existing lattice calculations and opportunities for future lattice studies in the context of various models and experimental searches.
This review is organized as follows: in section 2, we consider various composite dark matter candidates which can arise from strongly-coupled theories, classifying them broadly as "meson-like", "baryon-like", and "glueball-like". Details about how the correct relic abundance is attained and the possibility of "dark nuclear" bound states are also discussed. Section 3 focuses on direct detection of composite dark matter, in particular through suppressed couplings to standard model force carriers. Section 4 turns to the rich collider phenomenology of composite dark sectors, discussing current bounds and future prospects.
Finally, in section 5 we give an outlook on interesting future directions, both for model builders and for lattice simulations.
II. COMPOSITE DARK MATTER CANDIDATES
In this section we review strongly-coupled theories that contain composite dark matter candidates.
1 There are numerous reasons to seriously consider strongly-coupled composite dark matter, and we highlight the major motivations in the following. Not all models necessarily contain all or most of the following characteristics; instead we are simply providing a broad brush of the interesting consequences. Other reviews which focus on different aspects of strongly-coupled composite dark matter can be found in the literature [19] [20] [21] .
A. Motivation
Dark Matter Stability. One of the principle attractions of composite dark matter candidates is that stability can be an automatic consequence of the accidental global flavor symmetries of the underlying theory. Once above the compositeness scale, the (gauge)
symmetries of the dark constituents may restrict the dimension of the leading operators d that violate the global flavor symmetries to be sufficiently high that even with maximal violation by Planck-suppressed operators (e.g.,
P l ), the dark matter stability is far longer than the age of the universe. This is, after all, the reason that proton stability is well understood in the standard model, despite possible baryon number violation by Plancksuppressed operators.
Naturalness. Just like QCD, once a non-Abelian theory confines, a new scale appears through dimensional transmutation, the dark confinement scale Λ d . This scale is technically natural, allowing for an effective theory description of the infrared theory -the dark mesons and baryons -through operators suppressed by this scale.
Dark Matter Neutrality. In theories where the constituents transform under (part of) the standard model, confinement can lead to color, weak, and charge-neutral dark hadrons that provide candidates for neutral dark matter. This typically imposes constraints on the parameters of the underlying theory.
2
Suppressed interactions. The effective theory below the confinement scale can be expressed in terms of higher dimensional operators involving (pairs of) dark matter fields with standard model fields, suppressed by powers of the dark confinement scale. This can provide a beautiful mechanism to suppress dark matter scattering off nuclei, below the tight experimental bounds that exist from direct detection experiments. The coefficients of the dark moments can in principle be computed from the underlying ultraviolet theory. This is a major motivation for lattice simulations that can provide superior estimates of the coefficients of the dark moments over naive dimensional analysis power counting.
Self-interactions. Strongly-coupled theories naturally have strong self-interactions among the mesons and baryons. If the scales are arranged appropriately, these selfinteractions may be responsible for addressing the observed galactic structure anomalies [6] [7] [8] [9] [10] . This has provided a strong motivation for recent consideration of strongly-coupled self-interacting dark matter [19, [22] [23] [24] [25] [26] .
New observables. The rich spectrum of dark hadrons that appear after the dark nonAbelian theory confines provide a plethora of experimental targets. This includes novel detection strategies such as inelastic scattering to excited states [27] [28] [29] , dark absorption lines [30, 31] , effects on the CMB and N eff [32, 33] and a host of collider phenomenology consequences (to be discussed below). We note that although not focused on dark matter models, spectroscopy of SU(N ) gauge theories in the large-N limit has been studied extensively on the lattice [34] [35] [36] [37] .
B. Meson dark matter I: Pion-like
There are three broad classes of composite dark matter made from mesons of a confining,
Meson stability relies on accidental dark flavor (or "species" [38] ) symmetries. The dark flavor symmetries could be continuous or discrete, such as G-parity [39] .
Several models of pion-like dark matter have been proposed [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . One reason for their popularity is familiarity from QCD, and specifically, utilizing chiral effective theory techniques to characterize the mass spectrum and pion interactions. In the following, we describe only a selection of models that have been proposed.
Weakly interacting stable pions was proposed in Ref. [39] . In this theory, stability is ensured through G-parity, that is a modified charge conjugation operation allowed when using real representations of the SM gauge group. Dark fermions transform in vector-like global U (1) X number leads to a novel, nontrivial freezeout process effectively driven by coannihilation among the light pion species [43, 50] . This leads to weak scale masses and pion decay constants that can be probed by collider experiments.
More recently, a strongly-coupled theory with pions as dark matter was proposed ("SIMP" for strongly interacting massive particle) [46, 49] . Again, chiral Lagrangian techniques allow the estimation of the leading pion interactions. Here, the novel feature that occurs for a wide class of non-Abelian theories (SU (N c ) or SO(N c ) with
in the pion-like limit is that there is a 5-point interaction arising from the Wess-ZuminoWitten action enabling a 3 → 2 annihilation process. Unlike the earlier proposals, all of the dark fermions are neutral under the SM, and so a new mediator is necessary to connect the thermal bath of the standard model with this dark sector. In [49] , a global U (1) flavor symmetry of the theory is gauged (and broken explicitly) leading to a massive "dark photon"
with assumed kinetic mixing with hypercharge. Under suitable conditions, the 3 → 2 process is active and leads to the freeze out of dark matter. Intriguingly, the relevant scales of the new non-Abelian dark sector that lead to the correct dark matter relic abundance is very similar to QCD, m π ∼ 300 MeV with f π ∼ few × m π . Constraints on the dark photon mass and kinetic mixing that enable this mechanism were presented in [49] . Principally, the pions cannot decay into dark photons. This can be guaranteed if all the pions transform non-trivially under part of the unbroken flavor symmetry. And, near degeneracy of the dark quarks is required, so that at least five different pions participate in the 3 → 2 process via the WZW term.
C. Meson dark matter II: Quarkonium-like
In the regime where there is at least one heavy dark fermion with mass m q > Λ d , heavy quark effective theory can be applied, and qualitative differences from the pion-like theories result.
One example of this class of model is "composite inelastic dark matter" [28, 51, 52] , where dark matter is a meson made from one light and one heavy quark. In this theory, the hyperfine interactions split the ground state by a small energy that can be relevant to dark matter direct detection. The possibility that dark matter may have its dominant interaction with nuclei through an inelastic scattering process is well known [53] [54] [55] . Strongly-coupled composite theories provide a natural home for small inelastic transitions, and this can lead to a rich spectroscopy.
In the regime where all of the dark fermions are heavier than the confinement scale leads to another class of composite dark matter generally known as "quirky 3 dark matter" [31] .
The dark fermions were taken to be in a chiral representation of the electroweak group, using the Higgs mechanism to give them mass. For the specific theory of SU (2), it was known [57, 58] that confinement aligned the vacuum towards an electroweak preserving minimum, and thus not substantially affecting electroweak symmetry breaking. In addition, with the bound states containing exactly two heavy dark fermions, a perturbative non-relativistic treatment of the composite dark matter mesons is possible. This allowed an estimate of the excited meson masses, as well as the coefficients of the effective operators leading to quirky dark matter scattering with nuclei. Quirkonium production and decay were considered in [59, 60] .
One drawback to dark matter composed of dark mesons is the potential difficulty in maintaining the exactness of the global flavor quantum number that ensures that the dark matter is (sufficiently) stable. For example, already at dimension-5 there can be operators that violate global flavor symmetries
Here ΨΨ is a fermion bilinear that transforms nontrivially under the global flavor symmetry that protects against meson decay in the effective theory. Even with Λ = M Pl , these operators with order one coefficients lead to dark meson lifetimes much shorter than the age of the universe. Of course there are ways to suppress these interactions, but it requires additional model-building at higher scales.
D. Baryon-like dark matter
One of the principle reasons to consider baryon-like candidates for dark matter is robust stability, i.e., safety from higher dimensional interactions that lead to decay on timescales short compared with the age of the universe, c.f. Eq. (1). For theories with fermion constituents, SU (N c ) with N c ≥ 3, higher dimensional operators are at least dimension-6 or higher. In these theories, dark matter is automatically sufficiently stable, and no further ultraviolet model-building is needed. This is a superior property of composite baryonic dark matter.
Early work on technicolor theories demonstrated the potential of technibaryons as a dark matter candidate [11, 61, 62] . In these theories, dark fermions transformed under a chiral representation of SU (2) L × U (1) Y , and so after confinement, lead to dynamical electroweak symmetry breaking. The technibaryons carried an accidental global quantum number, technibaryon number, that suggested the lightest technibaryon is a natural dark matter candidate. Early investigation in these theories revealed an elegant mechanism to obtain the correct cosmological abundance of dark matter through a technibaryon number asymmetry [62] [63] [64] . These investigations continued into aspects of direct detection [65] [66] [67] .
More recent investigations into technibaryon dark matter and other related candidates can be found [19, 40, 42, 47, [68] [69] [70] [71] [72] [73] [74] [75] [76] . transforming under (part of) the standard model, using the strong dynamics to set mass scales as well as to provide a viable electroweak-neutral composite dark matter candidate.
The LSD Collaboration has investigated both fermion and scalar baryonic candidates for dark matter from confining SU(3) and SU(4) dark color theories [77] [78] [79] . In both cases, dark fermions were assumed to transform under (nearly) vector-like representations of the electroweak group, leading to negligible corrections to electroweak precision observables. In the dark SU(3) case, the lightest baryon was found to be a neutron-like fermionic dark baryon with a significant magnetic moment due to the electrically charged dark fermion constituents. The spectrum and the leading interactions with nuclei were determined using lattice simulations. Given existing bounds from Xenon experiments, the lower bound on the mass of this fermionic dark baryon was found to be 10 TeV [77] . This comparatively large mass arises due to the relatively low mass dimension of the magnetic moment interaction
In [78, 79] , the LSD Collaboration proposed and investigated scalar dark baryons from an SU(4) dark confining interaction, called "Stealth Dark Matter". When combined with a dark custodial SU(2) symmetry (that leads to equal masses for the lightest q = ±1/2 electrically charged dark fermion constituents), stealth dark matter was found to be remarkably safe from direct detection experiments due to the high dimension of the leading interaction -electromagnetic polarizability -of the scalar baryon with the standard model. Dark baryons as light as 300 GeV were possible for an order one pion-to-vector mass ratio. These relatively precise estimates were possible by performing lattice simulations to determine the hadron mass spectrum as well as the coefficients of the dominant operators leading to direct detection. Given that the polarizability-induced spin-independent direct detection cross section scales as Z 8/3 , heavier element experiments (including xenon and tungsten) clearly have better sensitivity than lighter elements (such as germanium and argon). In addition, this theory contains a rich spectrum of mesons somewhat below the mass of the dark baryon that are ripe for exploration at the LHC.
E. Dark glueballs
Any non-Abelian gauge sector is also expected to contain a number of glueball bound states which have no valence fermion content. In theories such as QCD where the colored fermions are light compared to the confinement scale, these glueballs are broad resonances which decay readily into lighter mesons and baryons, and often mix with neutral mesons as well. These properties make QCD glueballs rather difficult to isolate, and no conclusive experimental observation has been reported to date [80] . 
where F µν is the field-strength tensor for one of the standard model gauge fields, and M is the scale of new physics, e.g. some heavy fermions which carry both standard model and hidden sector charge. These operators mediate glueball decays which scale as Γ ∼ c H Λ
respectively, so that the glueballs can be stabilized for a wide range of Λ d , as long as M is sufficiently large: for example taking M = M GUT = 10 16 GeV, the glueballs will be stable on the lifetime of the universe if Λ d 10 5 GeV [81] . A detailed effective field theory description of glueball decay processes has been studied in [82, 83] .
Hidden sector glueballs are thus a natural dark matter candidate [84, 85] , with a number of interesting properties. Hidden sectors of this type can fit nicely into larger models of new physics, e.g. as part of the MSSM with anomaly-mediated supersymmetry breaking [23, 25, 86] -in which case the dark matter consists of both glueballs and glueballinos, with abundance depending on parameter choices. Grand unification can also lead to hidden non-Abelian sectors (see e.g. [87, 88] for a partial classification); GUT and string-theory motivated studies of glueball dark matter are undertaken in [81, 89] .
Collider bounds on glueball dark matter are relatively weak compared to other composite candidates, because unlike the mesonic and baryonic cases, no light charged states exist in [18] all-to-vacuum pic lattices in at five lattice 0.10 fm. Due ge action and e artifacts are s are carefully glected on the arried out caln much larger he continuum lts of the glueball spectrum is summarized in Tab. XXI and Fig. 16 .
After the non-perturbative renormalization of the local gluonic operators, we finally get the matrix elements of scalar(s), pseudoscalar(p), and tensor operator (t) with the results
where the errors of s and t come mainly from the errors of the renormalization constants Z S and Z T . The more precise calculation of Z S and Z T will be carried out in later work. The spectrum at N = ∞. The yellow boxes represent the large N extrapolation of masses obtained in ref. [38] . the spectrum if all of the hidden-sector fermions are heavy. The absence of strong constraints from LEP makes it much easier to construct viable glueball dark matter models with a dark matter mass below 100 GeV. In particular, the strong self-interactions of the glueballs can provide an explanation of galactic structure anomalies [6] [7] [8] [9] [10] for glueball dark matter masses in the MeV to GeV range, depending on the specific choice of hidden gauge group [23, 25, 26] .
Although there have been no lattice calculations to date specifically focused on glueball dark matter, there are a number of more general results on the glueball spectrum and selected matrix elements [90] [91] [92] [93] [94] [95] . Since any hypercolor-charged particles are taken to be heavy compared to the confinement scale, from the perspective of a lattice practitioner the theory of interest is "pure-gauge" Yang-Mills; this is an attractive theory to study, because in the absence of fermions large-scale studies can be undertaken with relatively modest computational resources.
F. Abundance
To obtain a cosmologically significant thermal relic abundance of dark matter, the standard approach is to allow the strongly-coupled composites to annihilate into other, light, unstable dark sector states that decay back into standard model particles. The annihilation cross sections are generically large, due to strong coupling. If the annihilation rate saturates the unitarity bound [96, 97] , the dark matter mass is on the order of 100 TeV. If the dark sector contains many states close in mass, the annihilation rates can be substantially modified, and the mass of the dark matter can be smaller, closer to the TeV scale. [43] , A more recent exception to the usual 2 → 2 strongly-coupled annihilation rate is when a matches the cosmological abundance of dark matter [62] . A similar mass scale can be arrived at through dynamics coupling the QCD scale to the dark confinement scale [101] .
In theories with vector-like and electroweak symmetry breaking masses, such as stealth dark matter [78, 79] , it was anticipated that an asymmetric abundance was still possible, but with further suppression by the amount of electroweak symmetry breaking in the dark sector.
G. Dark Nuclei and Dark Nucleosynthesis
Strongly-coupled hadrons from a dark sector may combine to form stable composites of the hadrons themselves: dark nuclei. Certainly the standard model provides a clear proof of principle that such nuclei exist and provide an order one fraction of the energy density of matter. In the presence of a light mediator, "darkleosynthesis" was shown to be possible and efficient for asymmetric composite dark matter from a confining non-Abelian theory [102] . A quantitative exploration of dark nuclei was performed for a dark SU (2) In [103, 104] , it was shown that for both symmetric and asymmetric origins of dark hadrons, the early universe cosmology can be substantially altered by dark nucleosynthesis, Finally, an intriguing possibility is that strongly-coupled dark baryons could form very large dark nuclei, forming an extended semi-uniform object [105, 106] . This is counter to the usual intiution from the standard model, where only light elements form from big-bang nucleosynthesis. It was found that dark nuclei with large dark nucleon number, A 10 8 may be synthesized. [105, 106] . This qualitatively changes direct detection and capture rates in astrophysical objects.
III. DIRECT DETECTION OF COMPOSITE DARK MATTER
Direct detection experiments have long since ruled out dark matter with spin-independent elastic scattering through an electroweak-strength tree-level coupling to the Z boson. However, the standard model gauge bosons are not ruled out as mediators for standard modeldark matter scattering if their couplings are suppressed. In composite dark matter models, the occurrence of this suppression naturally occurs through form factors F (q 2 ), where q µ is the momentum transfer through the interaction vertex. A form factor can be thought of as a momentum-dependent coupling between a force carrier and a composite particle; at q 2 = 0 the form factor is equal to the net charge of the composite, while at large q 2 it probes the internal constituents.
The interaction of dark matter with ordinary matter mediated by a standard model force carrier can give a distinctive scaling of the interaction cross-section with the choice of nuclear target, depending on the exact nature of the interaction. A strongly distinguishable case would be photon exchange coupling to the nuclear magnetic moment, which can give a direct detection cross section varying by several orders of magnitude among commonlyused target elements. More complete effective field theory treatments of how a general dark matter particle can interact with nuclear direct-detection targets have been considered in the literature [12] [13] [14] [15] [16] 107] . For very light (sub-GeV) dark matter, which can arise from some composite models, scattering off of electrons can provide stronger direct-detection bounds [108] [109] [110] [111] [112] We will focus in this review on photon and Higgs-mediated direct detection through moments of the dark matter. Z-boson exchange proceeds through dark moments similar to those for photon exchange, but is additionally suppressed by the Z mass. Gluon-based interactions are an interesting possibility which have been considered in the literature [65, 113, 114] .
A. Photon interactions
If the composite dark matter candidate χ is neutral, but its constituents carry electromagnetic charge, then its coupling to the photon is proportional to the matrix element
where
EM is the electromagnetic current, and F (0) = 0. In the limit that the momentum transfer |q| is very small compared to the compositeness scale Λ, which is appropriate for dark matter direct detection, the form factor can be described in terms of effective field theory operators of increasing dimension. The leading C and P-conserving operators are [66, 67] the magnetic moment
the charge radius
and the electromagnetic polarizability
where χ represents a fermionic dark matter candidate, and φ a spin-zero bosonic candidate.
If φ were a boson with non-zero spin, it would also have a magnetic moment operator.
(Note that the dimensions of the operators are the same for scalar dark matter, due to the non-relativistic normalization of the fields which is most appropriate for treating dark matter direct detection [16] .) Other operators at similar orders in the effective expansion, e.g. an electric dipole moment, can appear if CP violation occurs in the dark sector [67] .
Phenomenological treatments of dark matter with some or all of these effective interactions have been considered in the literature, both independently and in the context of composite models [66, 67, [115] [116] [117] [118] [119] [120] [121] [122] [123] .
Detailed formulas for the interaction cross sections mediated by these interactions are derived in the above references. We will not reproduce them here, but it is worth observing that the scaling of the cross section with the choice of nuclear target can be dramatically different [107, 124, 125] , depending on which operator dominates. The per-nucleon interaction cross section is expected to scale as µ 2 (J + 1)/J, Z 2 /A 2 , and Z 4 /A 8/3 for the magnetic moment, charge radius, and electromagnetic polarizability operators respectively, where µ is the nuclear magnetic moment, J is the nuclear spin, and Z and A are the standard proton and atomic mass numbers. (Note that for a dark matter magnetic moment, the scaling given is for the moment-moment interaction; there is also a magnetic moment-nuclear charge interaction [77, 118] , which scales as Z 2 /A 2 like the charge radius.)
The value of these prefactors for several nuclear targets currently used in direct detection experiments are tabulated in Table I , scaled so that the value for xenon is set to 1. Especially dramatic differences are seen for the coupling to the nuclear magnetic moment. We also note that the electromagnetic polarizability interaction in principle has a very large uncertainty;
since the interaction contains two photons, scattering proceeds through a loop diagram, so this interaction may be particularly sensitive to poorly-known nuclear matrix elements involving excited states [79] .
On the dark matter side, determination of the coefficients of these operators requires a non-perturbative calculation. We now turn to lattice calculations focused on photon directdetection operators. Calculation of the magnetic moment and charge radius for a given dark matter candidate can be accomplished through a direct lattice calculation of the form factor F (Q 2 ) itself.
That is, the three-point correlation function
is computed directly, where B is the composite object interpolating operator and V µ the electromagnetic current. Calculating at several values of the discretized momentum transfer and fitting the momentum dependence allows the magnetic moment and charge radius to be determined.
Results on the lattice have been obtained for SU(2) [75] and SU(3) [77] gauge theories.
In the former case, the calculated charge radius for the meson-like dark matter candidate is found to be roughly consistent with its predicted value from vector meson dominance, Determination of the electromagnetic polarizability can be somewhat more difficult, due to its suppression by large powers of the momentum transfer. An alternative to direct calculation of the form factor is to apply the background field method [127] . In this approach, a background static electric field E is applied by use of appropriate boundary conditions in the lattice simulation. Measuring the ground-state energy of the dark matter candidate as a function of |E| allows determination of the polarizability from the quadratic Stark shift, e.g. [79] 
where C F is the polarizability and µ X is the magnetic moment of X.
This approach has been used so far to study two different theories on the lattice. The LSD collaboration has calculated the polarizability in SU(4) gauge theory for their "stealth dark matter" model [79] . In units of the SU(4) baryon mass, the polarizability was found to be comparable to that of the neutron in QCD, much larger than naive dimensional analysis would indicate. The resulting direct-detection cross section in LUX diminishes rapidly with
Direct detection cross-section prediction for xenon (purple band) for stealth dark matter interacting through electromagnetic polarizability, calculated using lattice results [79] . The blue shaded region (top) indicates current experimental bounds from LUX [129] ; the grey region (left)
shows collider bounds on charged mesons in this model; the orange region (bottom) shows the anticipated irreducible cosmic neutrino background.
the dark matter mass and falls below the expected cosmic neutrino background, but an interesting window for direct detection remains below 1 TeV or so. The polarizability has also been studied in an SU(2) gauge theory [128] for "template composite dark matter", finding essentially no bound on their model from direct detection.
B. Higgs interaction
If the composite dark sector contains fundamental fermions f , it is natural for them to obtain some of their mass from a Yukawa coupling y f to the Higgs boson, inducing a mass of order m f ∼ y f v. If this coupling is present, it will induce a Higgs coupling to any composite state, e.g. a dark baryon B formed from the f fields, of the form
This mirrors the way in which the Higgs couplings of the proton and neutron in the standard model arise; they depend on the individual quark Yukawa couplings, and on the scalarcurrent matrix element, also known as the "sigma term".
The coupling to the Higgs need not be the only source of mass for the f fermions; they may also have (technically natural) vector-like mass terms, or Yukawa couplings to other new scalar fields. In general, we can parameterize the fraction of the fermion mass which is due to the Higgs field by defining the parameter [130] 
where m P S /m V is the ratio of pseudoscalar to vector meson mass in the SU(4) theory considered, which is a proxy for m f /m B . These results strongly disfavor α = 1, i.e. a purely electroweak origin for the dark sector fermion masses is essentially ruled out.
Although this result assumes a particular dark sector model based on SU(4) gauge theory, there is some evidence that the constraint α < 1 is fairly robust. The main non-perturbative input which gives the bound Eq. 11 is the "dark sigma term"
applying the Feynman-Hellmann theorem to obtain the last equality. This quantity is readily determined from lattice spectroscopy of the baryon mass vs. input fermion mass. Lattice results for a number of different gauge theories [131] are shown in Fig. III B, and indicate that for similar mass ranges, the non-perturbative value of f (B) f obtained tends to be consistent across different strongly-coupled theories.
IV. COLLIDER IMPLICATIONS
Collider experimental probes of strongly-coupled composite dark matter have also been considered in the distinct parametric regimes of the theory: pion-like, quarkonia-like, and In addition to direct collider searches for composite dark sector particles, other indirect constraints can also be obtained from colliders. In particular, if the dark sector has electroweak charges, electroweak precision observables such as the S,T ,U parameters [132] can
give important constraints. The details of this constraint are strongly model-dependent, so we do not consider it further here, but we note that given a specific composite dark matter model, the S-parameter contribution can be computed on the lattice from current-current correlation functions [133, 134] .
A. Quirky signals
A dark hidden sector with a new non-Abelian force that confines can leave very unusual collider phenomenology. This was recognized long ago in the context of "hidden valley" models. [135, 136] A striking example was emphasized in the context of "quirky" models [56] -a dark sector contains dark fermions that transform under part of the standard model, while being deep in the quarkonia regime, Λ d m q . Here m q √ s ( √ŝ ) so that pairs of dark fermions could be produced easily by Drell-Yan or other standard model processes.
With a dark confinement scale much smaller than the dark fermion mass scale, the dark color strings cannot fragment, and so the dark fermions can travel macroscopic distances while still held together by a very weak unbreakable dark color string. Depending on the standard model charges of the dark fermions, this can leave highly exotic tracks and energy deposition in detectors that is unlike anything produced in the standard model. [56, 137] Once the dark fermions are sufficiently heavy, they can be integrated out, giving effective operators between standard model fields and the dark glue fields. This can provide an opportunity to probe glueball phenomenology at colliders [82] . Additionally, models with Λ d m q √ s can give glueball dark matter, so long as Λ d is sufficiently small that the glueball has a lifetime longer than the age of the universe.
B. Dark shower signals
Qualitatively distinct phenomenology can occur in a different regime (e.g., see [27, 138] 
, where the dark non-Abelian sector is expected to shower, fragment, hadronize, and decay (for the states that have no conserved quantum number) [139] [140] [141] [142] . One possibility follows from production of dark fermions that subsequently shower in the dark sector, followed by decays of dark mesons back to standard model jets. In the case where the decay lengths of the dark mesons are macroscopic, this can give emerging jet signals at colliders. [141] Another possibility is that there are stable dark mesons -dark matter -also produced during the dark shower. In this case, the dark matter is produced in an ordinary QCD-like parton shower along with other light degrees of freedom that decay hadronically. The result is a multijet plus missing transverse momentum signature where one of the jets is closely aligned with the direction of the missing momentum, called a "semi-visible" jet [142] .
C. Meson production and decay
In the regime where In the following, we consider a study of one concrete example, the lightest charged meson in Stealth Dark Matter.
Case Study Example: Lightest Stealthy Mesons
In Stealth Dark Matter, the lightest charged meson is a 0 −+ that we denote by Π ± . In contrast to e.g. supersymmetric extensions of the standard model where the lightest supersymmetric particle serves as a dark matter candidate, in composite models these charged states can be significantly lighter than the dark matter itself. Direct searches for charged states can therefore have better reach than generic missing-energy searches for certain composite models.
As a first approximation, treating the Π ± as point-like scalars carrying unit electric charge, the production cross-section from electron-positron collisions is
where E is half of the center-of-mass energy of the collision, roughly 100 GeV for LEP. This If the Π ± are stable on collider timescales, then searches for charged tracks can give a bound. On the other hand, with appropriate electroweak couplings the Π ± can decay to standard model particles via annihilation of its constituent fermions into a W boson [78] .
Because the initial state is spin-zero, this decay proceeds only through the longitudinal part of the W , if the decay is into a fermion doublet f f , the width will be proportional to the final-state fermion masses: with m f m f ,
Again focusing on LEP, for M Π of order 100 GeV, the branching of Π ± decays is roughly 70% into τν τ , and 30% into cs pairs. Combined with the large production cross-section, this leads to a robust constraint from stau searches at LEP [146] [147] [148] [149] [150] that require M π 90 GeV (assuming that the decay of Π is prompt). More restrictive bounds may be obtainable by using LHC data, but would require a more detailed study.
The translation of this bound into a bound on the dark matter mass itself depends on the spectrum of the dark sector. If the composite dark matter candidate is the lightest meson, then the Π ± will tend to be nearly degenerate with it, so that the bound applies directly to M DM . (Exceptions are possible, for example, in models which are embedded directly into electroweak symmetry breaking, the Π ± can become the longitudinal modes of the W and Z bosons [40, 151] , removing the bound.) On the other hand, if the dark matter is baryonic, then it will tend to be heavier than Π ± , so that the bound is stronger; for example in [78] , the dark matter mass bound is M DM 250 − 320 GeV, depending on the specific model parameters which determine M DM /M Π . For the case of glueball dark matter, any charged fermions will be much heavier than the dark matter candidate by necessity to ensure its stability, which again effectively removes the bound.
Going forward, it is important to note that this analysis is relatively simplistic. In particular, we have treated the Π ± as point-like charged particles, but their interactions with the photon will actually be proportional to a momentum-dependent form factor F (q 2 ).
The form factor satisfies F (0) = 1 -that is, at zero momentum transfer the Π ± do appear point-like -but for e.g. Drell-Yan photoproduction, the momentum transfer at the vertex becomes q 2 = 4M 2 Π at threshold, and the form factor may be significantly different. (In QCD the form factor is larger at this value of q 2 , growing to |F | ∼ 6 due to the dominant effects of the ρ vector meson in this channel [152] .)
Lattice calculation of such form factors would allow for more accurate calculations of the production of the Π ± . However, lattice simulations are carried out in Euclidean spacetime, which means that only spacelike form factors (q 2 < 0) are readily accessible. Lattice studies both for QCD (reviewed in [153] ) and for SU(2) gauge theory [75] have shown good agreement with vector-meson dominance (VMD) models in the spacelike region, although far from the vector (ρ) resonance itself. The more challenging direct calculation of the timelike form factor using the Lüscher finite-volume method has been demonstrated recently in lattice QCD [152] . A similar calculation in a different strongly-coupled theory could provide direct input for collider studies, as well as giving an interesting test of vector-meson dominance away from QCD.
V. OUTLOOK
There are several interesting research directions which remain largely unexplored, either from the phenomenology or lattice side, or both. The elastic scattering cross section of composite states is an interesting quantity to compute on the lattice, determining the strength of dark matter self-interactions in the present universe. The leading scattering phase shifts are readily accessible through the Lüscher finite-volume method, and several lattice QCD calculations of meson-meson and baryon-baryon scattering have now been performed [154] .
Application of the same technique to glueball-glueball scattering faces no theoretical obstacles and would also be quite interesting. Studies of meson-meson scattering in heavier mass regimes, where chiral perturbation theory cannot be used effectively, would be particularly useful in the context of mesonic composite dark matter models.
We have not discussed indirect detection in this review. If the composite dark matter is a thermal relic, then it can annihilate with its antiparticle, potentially producing an observable astrophysical signal. For annihilation directly to standard model final states, the relevant process is just the time-reversal of collider production, for example X † X → e + e − . If this occurs primarily through e.g. an s-channel photon, then it can be calculated from the timelike electromagnetic form factor of X. As mentioned in the context of collider studies, this form factor has been calculated in the timelike region in lattice QCD recently [152] .
In general, particularly for baryon-like dark matter, the dominant annihilation channel is likely into lighter composite states, which would then decay into standard model products.
This is a very difficult process to study, particularly since based on large-N c arguments [155] and QCD experiments [156, 157] , at low energies the strongest annihilation is generally into multiple final-state mesons. Such a process is extremely difficult to study using current lattice techniques. However, it would nevertheless be interesting to explore the phenomenological implications of 2 → N annihilation channels in the context of indirect detection, even in the absence of quantitative predictions for the rate in a given strongly-coupled model.
Study of the finite-temperature properties of general strongly-coupled gauge theories can have interesting implications for physics in the early universe. One particularly interesting possibility that has been noted is the creation of primordial gravitational waves from such a strong sector if it undergoes a first-order phase transition in the early universe [158, 159] .
Lattice calculations can reliably determine the order of the finite temperature transition in a given model, and may furthermore be able to give quantitative information on the predicted gravitational wave spectrum based on thermodynamic quantities such as pressure differences on either side of the transition.
There are several interesting potential connections between lattice simulations and other specific dark matter models or phenomena that we haven't covered in the rest of this review.
One specific example is given by "neutral naturalness" models, [32, [160] [161] [162] [163] [164] [165] in which the twin Higgs sector can contain a twin version of QCD, containing states with potentially interesting collider signals, e.g. [162, 166] such as twin glueballs and twin quarkonia. Lattice QCD results have sometimes been applied to estimate spectra in these theories, but because the masses of the twin quarks relative to the twin confinement scale can be very different from ordinary QCD, there is room for lattice studies in different parametric regimes to make an impact in these theories.
Although it is not a composite dark matter candidate itself, axion dark matter also depends on non-perturbative physics that can be treated using lattice calculations. In particular, the topological susceptibility of the QCD vacuum at finite temperature determines the thermal mass of the axion, which is a crucial input in determination of the axion relic density. Recent lattice calculations have begun to pursue this quantity non-perturbatively [167] [168] [169] [170] [171] , finding intriguing preliminary results which promise to significantly improve on earlier estimates using purely phenomenological models.
